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Abstract. In recent papers we have refined a conjecture of Lehrer and Solomon 
expressing the character of a finite Coxeter group W acting on the p th graded 
component of its Orlik-Solomon algebra as a sum of characters induced from 
linear characters of centralizcrs of elements of W. Our refined conjecture relates 
the character above to a component of a decomposition of the regular character 
of W related to Solomon's descent algebra of W. The refined conjecture has been 
proved for symmetric and dihedral groups, as well as finite Coxeter groups of rank 
three and four. 

In this paper, the second in a series of three dealing with groups of rank 
up to eight (and in particular, all exceptional Coxeter groups), we prove the 
conjecture for finite Coxeter groups of rank five and six, further developing the 
algorithmic tools described in the previous article. The techniques developed and 
implemented in this paper provide previously unknown decompositions of the 
regular and Orlik-Solomon characters of the groups considered. 



1. Introduction 

Let (W, S) be a finite Coxeter system and let T be the set of reflections in the 
complex reflection representation V of W. In previous articles [2-4] we proposed a 
conjecture relating the character tu of the Orlik-Solomon algebra of W to the regular 
character p of W. In this paper we prove the conjecture for the Coxeter groups 
of type B5, Bg, D5, and Eg. These computations, together with the remarks 
about reducible Coxeter groups following Theorem 2.3 of [2] and the proof of the 
conjecture for groups of type A in [3], prove the conjecture for all finite Coxeter 
groups of rank five or six. Our result is stated for these groups as the following 
theorem. 

Theorem 1. Suppose that W is a finite Coxeter group of rank five or six and that 
01 is a set of conjugacy class representatives of W. Then for each w 6 IR there 
exists a linear character cp w of Cw(w) such that 

P = Y- Ind cv(w)<Pw and cv = eY_ Ind c\v(w) (<* w cp w ) 
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where e is the sign character ofW and <x w is the composition o/det with restriction 
to the ^-eigenspace ofw in V. 

Recall that the Orlik-Solomon algebra of W is the quotient of the exterior alge- 
bra with generators {e t | t € T} modulo the ideal generated by elements of the form 
Xli=i ( — 1 y e t, e t2 • • • &ti • • • e t k for all sets {ti , t2, . . . , t k } C T of linearly dependent 
reflections. Here, we say that a set of reflections is linearly dependent if the forms 
defining their reflecting hyperplanes are linearly dependent in the dual of V. For 
t G T we denote the image of the generator e t in A (W) by a t . Thus, an arbitrary el- 
ement of A (W) can be expressed as a linear combination of monomials a t , a t2 • • • a t]c 
with ti , t 2 , . . . , t k G T. Because conjugating a reflection yields another reflection, 
A (W) is a right CW-module with (a t , a t2 • • • a t J .w = a w -i t , w a w -i t2W • • • a w -i tlcW 
for w G W. 

The strategy for proving Theorem 1 is to decompose the representations CW 
and A ( W) into direct sums and prove an analog of Theorem 1 for each summand. 
This method is somewhat stronger than directly proving Theorem 1 because it 
requires the solution to be compatible with the direct sum decompositions of CW 
and A(W). However, it has the advantage that it splits the problem into many 
smaller problems and provides insight into how the representation of W on A (W) 
and the right regular representation of W are related. 

The decomposition of CW comes from the idempotents e\ in the descent algebra 
Z (W) constructed in [1]. These idempotents are indexed by subsets of S up to 
conjugacy in W. Such an equivalence class is called a shape of W. In fact, [1] shows 
how to construct a quasi-idempotent for any L C S. Then e\ is the sum of the 
quasi-idempotents ej_ where L runs over the subsets in the shape A. It is also shown 
that {eA I A G A} is a complete set of primitive orthogonal idempotents of L (W), 
where A is the set of all shapes of W. Since L (W) is a subalgebra of CW, we 
conclude that 1 = Y.\<ea e A so that = © AeA CWeA, as W-module. Denoting 
the character of CWe A by p\ we have p = Y.\eA Pa- 

The decomposition of A (W) comes from organizing its monomials according 
to their fixed point spaces as follows. The monomial a tl a t2 ■ ■ • a t]c determines a 
subspace of V, namely the intersection of the fixed point spaces of the reflections 
ti,t2, . . . ,t k . If X is a subspace of V, then we denote the span of all monomials 
whose fixed point spaces are exactly X by A x . Then taking A A to be the direct 
sum of the Ax for which X is the fixed point set of W]_ for some L G A, we have a 
decomposition A (W) = ©aga^a- Denoting the character of A A by cua we have 
w = Laga^a- 

Finally, we organize the set of conjugacy class representatives 31 into subsets 
corresponding with shapes. This organization is defined using the notion of cuspidal 
conjugacy classes in the parabolic subgroups Wj_ = (L) of W. A conjugacy class 
in Wl is called cuspidal if the fixed point set in the reflection representation of 
W]_ of any of its elements is trivial. Now if we choose a fixed representative L (A) 
of each shape A and let Cl(a) be a set of representatives of the cuspidal classes in 
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W L ( A ), then by Theorem 3.2.12 of [5], — Uaga^I-(a) is a set of conjugacy class 
representatives of W. 

Suppose L C S and consider the homogeneous component of A (Wl) of highest 
degree. This component is a W]_-submodule of A(W]_), so it affords a character 
ct>]_ which we call the top component character of A(Wl). On the other hand, 
W L is also a Coxeter group and hence has its own quasi-idempotents as in [1], now 
denoted by for K C L to distinguish them from the quasi-idempotents in CW. 
(Notice that is not the idempotent denoted by in [1, §7].) Then CW L e][ is 
a submodule of CW L , so it affords a character p L of W L which we call the top 
component character of CW[_. 

Now A(Wl) and CW^e\_ are naturally subspaces of A (W) and CW and it 
turns out that they are Nw (Wl) -stable by [3, Proposition 4.8]. Thus they af- 
ford characters Pl and cul of Nw (Wl), which are extensions of Pl and tV]_. Fur- 
thermore, if L = L(A), then by the same proposition, Pa = Ind^jwjPi- and 
cu A =IndN w(WL) u7L. 

Note that by [9, Theorem 3.1], if w is cuspidal in Wl, then Cw (w) is a subgroup 
of Nw (Wl). Therefore, if we can find a linear character cp w of Cw (w) for each w G 
Cl such that inducing the characters cp w and a w ecp w to Nw (Wl) and summing 
over the cuspidal classes in Wl yields Pl and cul respectively, then by transitivity 
of induction, the characters cp w satisfy the conclusion of Theorem 1 with p, cu, and 
"Ji replaced by Pa, cua, and Cl(a), respectively, where A is the shape containing L. 

Repeating the preceding discussion for all shapes A shows that Theorem 1 is a 
consequence of the following theorems. Theorem 2 is proved in Section 3 and The- 
orem 3 is proved in Section 4. 

Theorem 2. Suppose that (W, S) is a finite Coxeter system of rank five or six and 
that C is a set of representatives of the cuspidal conjugacy classes of W. Then for 
each w G C there exists a linear character <p w of Cw(w) such that 

wee 

Theorem 3. Suppose that (W, S) is a finite Coxeter system of rank five or six, that 
L is a proper subset of S, and that Cl is a set of representatives of the cuspidal 
conjugacy classes of\V^_. Then for each w G Cl there is a linear character (p w of 
Cw ( w ) such that 

p L = 2_ Ind c w (w) = <*Lecu L , 
wee L 

where ot]_ is the composition of det with restriction to the subspace of fixed points 
of W L in V. 

Notice that if Theorem 2 has been proved for a parabolic subgroup Wl of W, 
then Theorem 3 could be proved for the same pair W, Wl by showing that each 
character (p w of Cw L (w) satisfying Theorem 2 extends to a character cp w of Cw(w) 
satisfying Theorem 3. This is the line of reasoning used in [3] and [4]. For the cases 
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not covered in these two references, in this paper the character <p w is constructed 
directly as a character of Cw(w) and not as an extension of a character of Cw L (w). 
However, as noted in [4, Proposition 4.5], as w varies over C]_, the restrictions 
Vw\c w (w) satisfy the conclusion of Theorem 2 for the group W L . 



As in [2], we have implemented the calculations for this article in the computer 
algebra system GAP in conjunction with the CHEVIE [6], ZigZag [10], and Gauss [ 
packages. In addition to our comments about the implementation in [2] we make 
the following remarks. Let W be a finite Coxeter group and let F an extension of 
Q containing the entries of the matrices in the reflection representation V of W. 
The calculations described below can all be carried out in a vector space over F and 
hence are possible to implement in a computer algebra system. Although F appears 
to play no role in the calculations below, its role is implicit whenever vector spaces 
are used, since GAP requires the user to specify the coefficient field of a vector space. 

2.1. The Extension pi_. Throughout the following calculation, we fix a list E = 
(wi , W2, . . . , W|w|) of the elements of W and represent elements of FW as coefficient 
vectors with respect to E. Thus the element J~ atWt of FW is expressed as the 
vector (<x-| , ot2, . . . , oc\w\) ■ Representing elements of FW as coefficient vectors proves 
to be much faster than working with GAP's ring-theoretic functionality, even at the 
expense of having to occasionally search the list E, which can be quite long. 

To construct the characters Pl for L C S, the first step is to construct parabolic 
transversals, Xl, in CW. By definition, xj_ is the sum of the elements w in W 
satisfying I (sw] > i (w) for all s G L, where I is the usual length function of W 
with respect to S. Then xl can be calculated directly from the definition or by 
using the ParabolicTransversal function supplied by the ZigZag package. We 
calculate the elements xj_ for all L C S and store them as coefficient vectors. 

The quasi-idempotents are defined in [1] by means of the matrix M. = (thkj) 
whose rows and columns are indexed by the subsets of S and whose (K, J)-entry is 



for all J, K C S. Then putting N = M -1 = (nj K ) we have ej_ = Xjcs n Kj x j- m 
terms of coefficient vectors, ej_ can be calculated by multiplying the matrix N by 
the matrix of coefficient vectors of the elements Xl in the same order as the rows 
and columns of JVL. The matrix M. can be calculated directly from the definition or 
by calling the method Mu supplied by the ZigZag package. 

With ei_ expressed as a coefficient vector v, we next calculate a basis of the 
Nw(Wi_)-stable subspace FWi_ei_. Each element w of Wj_ acts on a coefficient 
vector by some permutation 7t w , which can be determined by simply multiplying 
w by all the elements of W and recording the positions in E of the products. It 
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follows that the vectors v.7t w for all w G W span a subspace of F' ' isomorphic to 
FWlBl- Let B be a basis of this vector space. 

To complete the calculation of the character Pl, we choose conjugacy class repre- 
sentatives for Nw(Wi_) and for each representative w we compute the trace of the 
matrix of w with respect to the basis B. 

2.2. The Extension uTl- To calculate the character tu^ for L C S we begin with 
the broken circuit basis of the algebra A(Wl) described in [2]. This calculation 
depends only on the isomorphism type of Wl and is typically a very short calculation 
in comparison with the corresponding calculation for A (W). However, care must be 
taken whenever elements of Nw (Wl) act on A (Wl), because in GAP the reflections 
of Wl in its reflection representation are typically indexed differently than the 
reflections of W in V. 

Rather than working with reflections, it is equivalent and far simpler to work 
with positive roots, which in CHEVIE are stored as vectors in the roots component 
of a group record, the first half being the positive and the second half the negative 
roots. This means that whenever applying a reflection to a root results in a negative 
root, we need to replace the negative root with its positive counterpart. Now since 
CHEVIE implements the element w of W as a permutation cr w of the roots, it follows 
that if t is the reflection defined by the root r, then the conjugate w _1 tw is the 
reflection defined by r.a w . However, if w is an element of W and r is a root of Wl, 
then r must be replaced with its corresponding root of W using the rootlnclusion 
component of the Wl record. Then the permutation a w can be applied directly. 
Now recording the monomial a = a t , a t2 • • • a tk as the tuple ti , t2, . . . , we can 
calculate the action of w on a by simply applying <y w to each ti and replacing any 
negative root with its positive counterpart. We use the method described in [2] 
to express arbitrary elements of A (Wl) as coefficient vectors with respect to the 
broken circuit basis. 

Finally, the set of |L|-tuples in the broken circuit basis of A (Wl) form a basis 
B of the top component of A(Wl). Then as in subsection 2.1, for each congacy 
class representative w for Nw(Wl), we compute the trace of the matrix of w with 
respect to the basis B. 

We also remark that in contrast with those in subsection 2.1, the matrices of 
the representation above are extremely sparse. While the matrices required for the 
calculation of any character cul in this paper were not big enough to warrant using 
sparse matrices, the calculation of Ws in Section 3 benefited greatly by using sparse 
matrices as implemented in the Gauss package for GAP [7]. 

3. Proof of Theorem 2 

In this section we exhibit the characters cp w satisfying Theorem 2 for each ir- 
reducible Coxeter group W of rank five or six. In order to verify Theorem 2, one 
needs to calculate the characters Ind^( w )(p w and then confirm that the sum is 



6 



M. BISHOP, J. M. DOUGLASS, G. PFEIFFER, AND G. ROHRLE 



equal to ps and to ecus- Since these calculations are routine, we display the char- 
acters Ind^ ' w [ w )Vw (denoted simply as cp w ), e, ps, and cus only for the group 
W = W(E 6 ). 

Because the characters (p w are one-dimensional, it suffices to list their values on 
a generating set for Cw (w). For the group W(Eg) generating sets of centralizers 
are constructed ad hoc. In types B and D we use the notation from [2], which we 
now briefly review. 

The cuspidal classes of W (B n ) are indexed by partitions of n. We always display 
partitions in non-decreasing order without punctuation. With the labeling of the 
elements of S given by the diagram • < • •— • • ■ — • • we define the following 

to J ta 1 2 3 n-1 n to 

elements of W (BrJ, where we denote the elements of S by 1 , 2, . . . , n rather than 
Si , S2, . . . , s u to improve legibility. If A = Ai A2 • - • Ak is a partition of n then for 
each 1 ^ i ^ k we define a negative Ai-cycle 

Ci = i (i - 1 ) (i - 2) • ■ ■ 212 • ■ ■ (i - 1 ) i (i + 1 ) • • ■ (i + AO . 

Then each Ci centralizes the element = C1C2 ■ ■ • c^, which we take to be the 
representative of the cuspidal class labeled by A. Whenever At = Ai + i the element 

Xi= n + + ■■•(! + j -AO 

j=0 

also centralizes w A . In fact, if m (j) = min{k | A k = j}, then Cw ( w a) is generated 
by the elements Xt for all i for which Ai = Ai+i, together with the elements c m (j) 
for all j appearing as a part of A. The character (p CA of Cw ( w a) is denoted simply 
by (Pa- 

We view W (D reflection subgroup of W (B n ) generated by the reflections 

1 ' = 121 and 2, 3, . . . , n. Then wa G W (D n ) whenever A has an even number of 
parts. In fact, such elements are representatives of the cuspidal classes of W(D n ) 
and each Cw(D n ) ( w a) is the intersection of W(D n ) with Cw(B n ) ( w a)- The ele- 
ments Ci are not necessarily elements in W(D n ), but generators of Cw(D n ) ( w a) 
can often be found among products of an even number of Ci. 

In each of the following subsections we present the results of our calculations for 
the finite irreducible Coxeter groups of rank five and six. For each cuspidal class 
representative w we display a generating set of Cw written as words in the 
Coxeter generators, and for each generator, the value of the character cp w . If C is an 
eigenvalue of w on V, we denote the determinant of the representation of Cw ( w ) 
on the C-eigenspace of w in V by det |^. If cp w is a power of det |^ for some C, 
we also indicate this. By Springer's theory of regular elements [11], the centralizer 
Cw (w) is a complex reflection group when w is a regular element. When this is 
the case, we identify Cw (w) as such a group. For n ^ 1 we denote the n th root of 
unity e 2nX//n by Cn, the cyclic group of size n by Z n , and the symmetric group on 
n letters by S n . 
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3.1. W = W(B 5 ). 



A 


Gen 


Word 


9a 


Cw (wa) Det 


1 3 2 


Cl 


1 


-1 






c 4 


43212345 


-1 






Xl 


I 


—1 








3 


—1 




1 12 


Cl 


1 


— 1 








2123 


_1 






*2 


4354 


-1 




r 

b 


Cl 




r 

MO 


Zio det |t 10 


23 


Cl 


12 


-1 






c 2 


3212345 


u 




14 


Cl 


1 


-1 






c 2 


212345 


-1 




1 2 3 


Cl 


1 


-1 






C 3 


3212345 








Xl 


2 


-1 





I 5 s 



e W det |_i 
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3.2. W = W(B 6 ). 



A 


Gen 


Word 


(Pa 


C w (w A ) 


Det 


I 6 


S 




e 


W 


det |_i 


1*2 


C] 


1 


~] 








C5 


^4371 734 ^£ 










Xi 


2 


_ 1 








X? 


3 


_ 1 








x 3 


4 


_1 






1 2 2 2 


Ci 


1 


_ 1 








c^ 


321234 


_ 1 










2 


_1 








x 3 


5465 


-1 






2 3 


Ci 


12 


_ 1 


z 2 ? s 3 

— z. k J 






Xi 


3243 


_ 1 








x 2 


5465 


_1 






1 3 3 


C] 


1 


_ 1 








c 4 


432123456 


u 








Xi 


2 


-1 








x 2 


3 


-1 






123 




1 


-1 








C2 


2123 


-1 








c 3 


432123456 


u 






3 2 


Cl 


123 




z 2 is 2 


det \c 6 




Xi 


432543654 


-1 






1 2 4 


C] 


1 










C 2 


32123456 










Xi 


2 








24 


Ci 


12 










c 2 


32123456 








15 


Cl 


1 










C2 


2123456 


C10 







6 ci 123456 Ce Z12 (det | Cl2 ) 2 
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A 


Gen 


Word 


(p A C w (w a ) Det 


1 3 2 


W]3 2 


1 '2321 '3431 '2345 


C 4 




Cl 


V 


-1 




X, 


2 


-1 




x 2 


3 


-1 


23 




1 '3w 14 


Cm 


14 


w 14 


1 '2345 


Cs Z 8 det | Cg 



3.4. W = W(D 6 ). 



A 


Gen 


Word 


(Pa 


C w (w A ) 


Det 


1 2 2 2 


CtC 2 


T2 


1 








CtC 3 


31 '234 


C 4 








Xl 


2 


-1 








*3 


5465 


-1 






3 2 


W 3 2 


1343w 15 


C 3 


G (6,2,2) 


det | Cg 




r 2 


T323 










Xi 


432543654 


-1 






15 


W15 


1 '23456 




Z10 


(det | Cl J 2 


1 3 3 


ClC 2 


T2 


1 








ClC 4 


43w 15 


C3 








X, 


2 


-1 








x 2 


323 


-1 






24 


w 24 


13-VV15 










r 2 


(321 '3456) 2 








I 6 


s 




e 


W 


det |_i 



3.5. W = W(Eg). Labeling of the elements of S as in the Coxeter graph 



labeling the conjugacy classes by their Carter diagrams d, and letting r denote the 
reflection defined by the highest root of W, we define characters cpa = <Pw d in the 
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following table. 



d 


w d 


Gen 




Cw (w d ) 


Det 


3A 2 


12356r 


24542314 
13 
56 


Cs 
C3 


G 25 


det 




wl 


234543 


1 

C 3 


G 5 




AsAt 


13456r 


W A 5 A, 

2345432 
r 


C 3 
-1 
-1 








34w Ee 


w E 6 (a,) 




z 9 


det | Cy 


U 


123456 


W Eg 


-1 


Zi 2 


(det | Cl2 ) 6 



The values of the characters cp^ together with ps and cus are shown in Table 1. 



w 





4A, 2A, 


3A 2 


A 2 


2A 2 D 4 (a, 


) A 3 A 


A 4 


Eg(a 2 ) 


D 4 


A 5 A 


A 2 2A, 


<P3A 2 


80 


16 


-10 


-4 


2 8 






-2 


-2 


-2 






720 


16 


-18 


-12 


-6 8 






-2 


-2 


-2 




(PA 5 A, 


5760 




-72 




















1440 


32 


-36 


12 


-3 






-4 


2 


-1 




'Pes 


4320 


96 


108 




-16 






12 








e 


1 


1 1 


1 


1 


1 1 


1 


1 


1 


1 


1 


1 


Ps 


12320 


160 


-28 


-4 


-7 






4 


-2 


-5 






12320 


160 


-28 


-4 


-7 






4 


-2 


-5 




W | E 6 


(ai) E 6 


A, 


3A, 


A 3 2At A 3 


A 2 A, 


2A 2 A! 


A 5 D 


5 A 


4 A, 


D 5 (ai) 



<P3A 2 


-1 


2 




















2 
















(PA 5 A, 


























-120 -8 




3 










'PEe 




-4 
















e 


1 


1 


-1 -1 


1 -1 -1 


1 


-1 


-1 


-1 


-1 


Ps 


-1 




-120 -8 




3 


1 








UJ S 


-1 




120 8 




-3 


-1 









Table 1. The characters cp^, p s , and w s for W — W(E ( 



4. Proof of Theorem 3 



Recall that the normalizer in W of Wl factors as the semidirect product of Wl 
and a normal complement [8]. When the semidirect product is a direct product, 
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Wl is called bulky. It is shown in [4] that Theorem 3 holds if either Wl is bulky 
or the rank of Wl is two or less. Also, it is shown in [3] that Theorem 3 holds if 
Wl is a direct product of Coxeter groups of type A. Thus, to prove Theorem 1 it 
suffices to prove Theorem 3 for all pairs W, Wl where the rank of W is five or six 
and L is a proper subset of S for which the following hold. 

(1) W L is not bulky in W, 

(2) Wl has rank at least three, and 

(3) W L is not a direct product of Coxeter groups of type A. 

After consulting the table of bulky parabolic subgroups in [2], it remains to 
consider the pairs shown in the next table. 



w 


W L 


B 5 


A 2 B 2 


B 6 


A 2 B 2 , A 2 B 3 , 


D 5 


D 4 


D 6 


D 4 , D 5 


E 6 


D 4 



A 3 B 2 , 2AtB 2 



In the following subsections, we consider each pair W, Wl separately. For each 
pair we indicate representatives for the cuspidal conjugacy classes, generators for 
the centralizers of these representatives, and linear characters of the centralizers 
that satisfy the conclusion of Theorem 3. For the pairs W(Bs), W(A 2 B 2 ) and 
W(Eg), W(D 4 ) we also give the values of Pl, cul, <Xl, and e. GAP gives the conju- 
gacy classes of a group as a list. The command ConjugacyClasses in GAP returns 
the conjugacy classes of a group as a list. We use the notation w n to denote the 
representative of the n th conjugacy class in this list. We denote the longest element 
of W by Wo and the longest element in Wl by wl. 

4.1. W (A 2 B 2 ) in W = W (B 5 ). Let L = {1 , 2,4, 5}. The cuspidal conjugacy classes 
in Wl are represented by W13 and w-15. The centralizer of W15 is (wis) x (wo) = 
2.12 x 2. 2 . The centralizer of W13 is generated by Cw( w is) and 1. Define char- 
acters cp 13 of C w (w 13 ) by (w 15 ,w , 1) ^ (C 3 ,1,— 1) and cp 15 of C w (w 15 ) by 
(w 15 ,w ) !->■ (Cgjl)- Then (p^ 3 w(WL) -f ^^ w (w L ) e q Ua j g ^ This character is 
shown in the following table together with cul, oti_, and e. The conjugacy classes 
of Nw(Wl) are listed in the order determined by GAP where W is constructed us- 
ing the command CoxeterGroup and Nw(Wl) is constructed using the command 
Ref lectionSubgroup and Normalizer. The classes are labeled by the orders of 
their elements and an additional letter to distinguish them from one another. 
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N w (W L )|la 2a 3a 2b 2c 6a 2d 2e 6b 2f 2g 6c 2h 2i 6d 



PL 

e 



6 
6 
1 
1 



-3 
-3 
1 
1 



6 
6 
-1 
-1 



-3 
-3 
-1 
-1 



-2 
2 
1 

-1 



1 



1 1 

1 -1 



-2 
2 

-1 
1 



1 



-1 -1 
-1 1 



-2 ■ 

2 ■ 

1 1 

-1 1 



N W (W L )| 2j 2k 6e 4a 4b 12a 4c 4d 12b 21 2m 6f 2n 2o 6g 



PL 

e 



-2 
2 

-1 
1 



1 



1 



• 1-2 • 1-2 • 16 

• -1 -2 • 1-2 • 16 
-1-1 1 1 1-1-1-11 1 1-1 -1 
-111-1 1-11-11-11-11 

We see that Pl = cxlCOIl so that Theorem 3 holds for the pair W, Wi.. 

4.2. W(A 2 B 2 ) in W = W(B 6 ). Let L = {1,2,4,5} and let M = {1,2,3,4,5}. 
The cuspidal conjugacy classes in Wl are again represented by W13 and w-15. The 
centralizer of w 15 = 1245 is (w 15 ) x (w ) x (w M ) = Zi 2 x Z 2 x Z 2 . The centralizer 
of Wi3 is generated by Cw (wis) and 1. Then the characters 

$13 : (wi5,wo,Wm,1) ^ (C3, 1, 1,-1) 
$15 : (w 15 ,w ,w M ) ^ (Ce, 1, 1) 
satisfy Theorem 3 for the pair W, Wl- 

4.3. W(A 2 B 3 ) in W = W(B 6 ). Let L = {1,2,3,5,6}. The cuspidal conjugacy 
classes in Wl are represented by wi 2 , w 2 4, and W30. The centralizer of W30 is 
(123) x (56) x (wo) = Z6 x Z3 x Z 2 . The centralizer of w 2 4 is generated by 
w 2 4, 1,wo. The centralizer of W12 is generated by Cw {W24) and Cw (w3o)- The 
characters 

cp 12 : (1,2, 3, 56, w ) ^ (— 1, — 1, — 1, C 3 , -1) 
$24 : (w 24 , 1,w ) !-»■ 1,— 1) 

$30 : (123,56, w ) ^ (— C 3 , , — l) 
satisfy Theorem 3 for the pair W, Wl. 

4.4. W(A 3 B 2 ) in W = W(B 6 ). Let L = {1,2,4,5,6}. The cuspidal conjugacy 
classes in Wl are represented by w 2 3 and w 2 5. The centralizer of w 2 5 is (12) x 
(456) x (w ) = Z4 x Z4 x Z 2 . The centralizer of w 25 is generated by Cw ( w 2s) 
and 1 . The characters 



-3 
-3 
1 
1 



6 
6 
-1 
-1 



-3 
-3 
-1 
-1 



cp 23 : (1,2, 456, w ) ^ (-1,-1, Uy 
$ 25 :(12,456,w )^(-1,C 4 ,-1) 
satisfy Theorem 3 for the pair W, Wl. 



-1) 
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4.5. W(2AiB 2 ) in W = W(B 6 ). Let L = {1,2,4,6}. The cuspidal conjugacy 
classes in Wl are represented by W12 and wzo- The centralizer of W20 is generated 
by 12, 4, 6, 5465, r where r is the reflection defined by the highest long root of W. 
The centralizer of w-\z is generated by Cw (W12) and 1. The characters 

cp 12 : (1,2, 4, 6, 5465, r) h- (-1,-1,-1,-1,1,1) 
cp 20 : (1 2, 4, 6, 5465, r) m- (-1 , -1 , -1 , 1 , 1 ) 

satisfy Theorem 3 for the pair W, Wl. 

4.6. W(D 4 ) in W = W(D 5 ). Let L = {1 ',2,3,4}. The cuspidal conjugacy classes 
in Wl are represented by W3, W9, and Wn. (With the notation in the previous 
section, W3 is represented by the partition 1111, W9 by the partition 22, and wi 1 by 
the partition 13.) The centralizer of Wn is (wn) x (wq) = Zg x Z2, the centralizer 
of W9 is generated by xi = 232343 and 1 Wq, and the centralizer of W3 is generated 
by Wl and Wq- The characters $3 = e and 

cp 9 : (xi,1wo) M- (-1, C4) 
cp n : (w„,wo) i-» (£ 3 , 1) 

satisfy Thereom Theorem 3 for the pair W, Wl. 

4.7. W(D 4 ) in W = W(D 6 ). Let L = {l',2,3,4} and let M = {1 ', 2, 3, 4, 5}. As 
above, the cuspidal conjugacy classes in Wl are represented by W3, w?, and W] 1 . In 
this case, the centralizer of w-\ 1 is (wi 1 , 6, w M ), the centralizer of W9 is (6, Xi , 2w M ) 
where Xi = 3243 is a generator of the centralizer of W9 in Wl, and the centralizer 
of w 3 is generated by Cw ( w 9) and Cw ( w i 1 )• The characters 

cp 3 : (l',2,3,4,6,w M ) ^ (-1,-1,-1,-1,1,1) 
cp 9 : (6,xi,2wm) ^ (1,-1, U) 
cpn : (w„,6,w M ) ^ (C3 J, 1) 
satisfy Theorem 3 for the pair W, Wl. 

4.8. W(D 5 ) in W = W(D 6 ). Let L = {1 2, 3, 4, 5}. The cuspidal conjugacy 
classes in Wl are represented by W7, W15, and W17. (With the notation in the pre- 
vious section, Wj is represented by the partition 1 1 12, W15 by the partition 23, and 
W17 by the partition 14.) The centralizer of W7 is (w7,Wo, 1 ',2,3), the centralizer 
of W15 is (wi5,Wq), and the centralizer of W17 is (wi7,Wo). The characters 

(p 7 : (w 7 ,w ,l',2,3) (C4, -1,-1, -1,-1) 
$15 : (Wi5,W ) ^ (Ci2,-1) 
(P17 : (w 17 ,w ) ^ (Cs,-1) 



satisfy Theorem 3 for the pair W, Wl. 
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4.9. W (D 4 ) in W = W (E 6 ). Let L = {2, 3,4, 5}. As above, the cuspidal conjugacy 
classes in Wl are represented by W3, W9, and W1 1 . The class containing wi 1 is also 
labeled by the partition 13. It is convenient to take y^s — 2354 as a represenative of 
this class instead of Wn . The centralizer of y 1 3 is generated by yi 3 , Wm> Wn where 
M = {2, 3, 4, 5, 6} and N = {1 , 2, 3, 4, 5}. (Notice that W M and W N are of type D 5 
and conjugation by w M exchanges 2 with 3 and conjugation by w N exchanges 2 
with 5.) The centralizer of W9 is generated by Xi = 4354, 2wm, and 243wo- The 
centralizer of w 3 is generated by Cw (w 9 ) and Cw (wn), and in fact is generated 
by 3, 4, WM, and w . Define the characters 

cp 3 : (3,4,wm,wo) (—1,-1, 1,1) 
cp 9 : (xi , 2w M , 243w ) ^ (-1 , — C*, CO 
$11 : (yi3,w M ,w N ) !->■ (C 3 ,1,1) 

of Cw (W3), Cw (W9), and Cw ("Wi 1 ) respectively. 

In this case, Nw (Wl) = W(F 4 ). Then using the notation from [5, Table C.3] 
for the irreducible characters of W(F 4 ) (which is identical to the notation used in 
CHEVIE), we have 

X(1,12) 

X(6,6) + X(6,6) 

X(2,4) +X(9,2) +X(9,6) +X(12,4) 

X(1,12) +X(2,4) +X(9,2) +X(9,6) + X(6,6) + X(6,6) +X(12,4) 
X(1,12) +X(2,16) +X(9,10) +X(9,6) +X(6,6) + X(6,6) +X(12,4)- 

Now since a^e = X(i,24) is the sign character, the calculations above show that the 
characters cp 3 , $9, cpn above satisfy Theorem 3 for the pair W, Wl. 

Acknowledgments: The authors would like to acknowledge support from the 
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bra, Geometry, and Number Theory". 
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